ABSTRACT The rate of binding a fairly large ligand molecule to a protein is reduced below the usual diffusion-controlled rate by the requirement of a certain rotational orientation. A simple, approximate treatment of this effect is given for special cases of spherical and ellipsoidal ligands. As the center of an ellipsoidal ligand approaches a protein surface, there is an effective repulsive potential between ligand and surface owing to restricted rotation of the ligand. The frequency factor kT/h of the Eyring rate theory is replaced in these reactions involving diffusion in solution by D/RA, where D = diffusion coefficient of ligand, A = thermal deBroglie wavelength of ligand, and R = "capture" distance around the binding site on the protein. This paper presents an elementary, approximate, transitionstate rate theory approach to ligand-protein interactions for cases in which the ligand is a large enough molecule to involve significant rotational effects. These effects tend to reduce the diffusion-controlled rate of ligand-protein association.
As examples, in the myosin-actin-ATP kinetic system*, association interactions of this type enter at two different levels: ATP or ADP (ligands) + S1 moiety of myosin; and S1 (ligand) + F-actin. This paper is the second in a series of three (1) concerned primarily with the myosin system.
The first two sections, on monatomic molecules (or ions) as ligands, present necessary background material. The last two sections are then concerned with several examples of the binding of fairly large ligand molecules treated as rotating rigid bodies.
A point of perhaps special interest is that for diffusioncontrolled association and dissociation reactions (in solution), the frequency factor kT/h of the Eyring rate theory (for gases) is replaced by a new factor D/RA (see below). Other examples in which the same type of frequency factor occurs will be discussed in a separate paper.
Adsorption-desorption of monatomic gas In this section we show (see also ref. 1, p. 200 ) that the Eyring theory gives correct results for this reference system. The model we choose is the simplest possible. A dilute gas mixture contains three components: monatomic ligand molecules each with partition function (p.f.) qL; relatively large adsorbent molecules, each with one empty site for binding one ligand molecule, with p.f. qo; and adsorbent molecules with the binding site occupied by a ligand, with p.f. qj. The potential energy of interaction u (the "potential surface") between one ligand and one "empty" adsorbent molecule is zero for large separations but drops suddenly to a minimum value uo (uo < 0) as the ligand enters the binding site. The transition state in the binding process is a cross-sectional area (or "window") S, around the site, on which u = 0: a molecule passing through this window is trapped by the potential well, and thus bound. A ligand molecule approaching the adsorbent surface outside of the site region S is reflected by the surface (u -co) and not bound.
The surface is taken as the xy-plane (x = y = 0 at the site center), with z increasing outward from the site. The p.f.s. can be written (1) q= A3V, qo = qV, q1 = qqxe-uolTV [1] where A is the so-called thermal deBroglie wavelength h/ (27rmkT)1/2 (ref. 1, p. 76), V = volume, m = mass of ligand, q = p.f. of empty adsorbent molecule (except for the factor V), and qx, qy, qz are the three one-dimensional vibrational p.f.s. of a ligand bound in the site. Any perturbation of the adsorbent by the bound ligand can be included formally in e-uo/kT An activated complex (1) has two-dimensional translational motion of the ligand on the area S (this is in lieu of the more common vibrational motion, at the saddle point, normal to the reaction coordinate), with p.f. q* = qAgSV. [2] The rate at which ligand molecules are bound is a'cLco while the rate at which bound molecules escape is flcl, where c = concentration (N/V). Using Eyring's theory (ref. 1, p. 197) , we find then a' = (kT/h)(qt/V)/(qL/VXqO/V) = (kT/27rm)"/2S [3] or, for the corresponding first-order rate constant, a = aCL = atpL/kT = pLS/(2rmkT )1/2 [4] where PL = partial pressure. This agrees with a well-known result in the kinetic theory of gases (collision rate on a surface). Since simple rate theory thus gives a' correctly, it necessarily provides the correct fd as well, because equilibrium statistical mechanics tells us that (1)
= qxqyqe-uo/kTA'. [5] Hence A = (kT/h)(q*/V)/(q1/V) = (kT/h)A-2 Seu°'k^Tlqxqyqz. [6] ing's theory is not applicable when solvent is present. procedure will therefore be to obtain a' independently fi diffusion theory and from this result deduce a new freqt cy factor. This frequency factor will then be carried ove the more complicated cases of the next two sections. The diffusion problem here is well-known (3). We where again c is a function of r only. One finds a' = 2 rDRe-u-kT [12] where [13] eu'/kT _ R feu r)/kTr-2dr.
R
This quantity is an average of ew/kT over r with weighting r-2dr so the region near r = R (where w w*) is emphasized. But necessarily ew*/IkT < ewb/lT If we apply transition-state theory (Eq. 9) to this problem, as an approximation, q* (Eq. 2) contains a new factor e-w*/kT, so we find a' = 2wrDRe w/kT. This is a smaller value than given (correctly) by Eq. 12. Similarly, in Eq. 10 for f3, wo is replaced by wo -w* in the correct expression but by wo -wt in the transition-state approximation.
Planar Capture Window. If the binding region (site) on the adsorbent is in the shape of a cavity, a planar capture window (transition state) may be more realistic than a protruding hemisphere. Suppose the planar window is bounded by a circle of radius R in the xy-plane with center at x = y = 0. Boundary conditions are: c = 0 on the window; C = CL far from the window; and J = 0 on the xy-plane outside of the circle. Oblate spheroidal coordinates (ref. 4 , p. 168) are natural here. The equation of the spheroids (on which c = constant) is z2 + X2 + y2=1 [9] R2g2 + , (-2 + 1) [14] The rate constant for escape from the binding site is then (compare Eq. 6) 0 = (D/RAXq*IVV)(q1/V) = 27rDReUo/kT/qIT qq3 = a'/K.
The frequency factor D/RA is not "universal", as kT/h is, for it depends on the geometry (see below) and on the na- [10] where 0 < t < a. As v-ac, Rv-r. One finds, after a short calculation, c = (2cL/r) tan-l{, a' = 4DR.
[15]
In this case, since S = rR2, the new frequency factor is found to be (compare Eq. 9) (4/7r)(D/RA) (thus illustrating the effect of geometry on this factor). In Eq. 10 for /3, 2vr is replaced by 4. Biochemistry: Hill Incidentally, in an external field w('), a' = 4DRe-w*/kT where ew*/kT = 2 I etfl/k dp The "basic free energy change" (7) The latter equation illustrates the fact that, except for qualitative purposes, the potential surface change (here wo -0) cannot be used by itself for the basic free energy change*. Binding of a spherical ligand on a protein Consider a ligand in solution that can be approximated as a rigid sphere of radius a and principal moments of inertia A=B=C. We suppose that a site on the surface of this sphere may "attach" to a complementary binding site on the surface of a macromolecule, e.g., a protein. The latter surface is approximated by a plane. The center of the sphere has coordinates x, y, z.
Both translational and rotational diffusion are involved in the binding process. As in the preceding section, insofar as translational motion is concerned, the ligand is captured by the protein binding site when the ligand center is within a small hemisphere r = R about the origin.
The potential of mean force w is now a function of x, y, z and also of the Eulerian rotational angles 0, X, it (7) . That is, in Eq. 7, six relative coordinates are held fixed in the integration. When the ligand center is outside of r = R, we take to = 0. The depth of the binding potential well is again -to, and there is reflection (t co) of the ligand center from the xy-plane (z = 0) outside of the hemisphere. (The actual protein surface is the plane z = -a.) In order for capture (binding) to occur, not only must x, y, z be within the hemisphere r = R but a similar condition must be met simultaneously by the Eulerian angles. That is, we assume that the ligand sphere must be within specified deviations from the optimal rotational orientation for attachment. Let X'Y'Z' be fixed axes in the ligand sphere, with origin at the center. Let X"Y"Z" be spatial axes, parallel to XYZ already used above, but with origin also at the center of the sphere. (XYZ are fixed relative to the binding site on the protein.) When the sphere rotates without translation, X"Y"Z" remain fixed but X'Y'Z' rotate with the sphere. The axes X'Y'Z' and X"Y"Z" coincide in the optimal rotational orientation, where we take 0 = 0, + = 0. In an arbitrary orientation, 0 is the angle between the Z' and Z' axes, X is the azimuthal angle locating the Z' axis as it rotates around the fixed Z' axis with 0 constant, and i1 is the angle of rotation of the sphere around the Z' axis itself.
The condition on 0 and 0 for capture to occur can be specified by requiring the Z' axis to be within a limited solid angle 47rfet (where 0 < fe* < 1) about the optimal orientation. The most obvious choice is 0 S X . 2w (i.e., no restriction) and 0 . 0 < et, where Ot is the limiting value of 0. Similarly, the condition on A/ is that it lie within a limited range 2wrfpt (where 0 < fat < 1) about At = 0, say -irfpt Is VI < 7rfpt. Likely orders of magnitude for fot and fpt will be discussed below.
To be more explicit now about w: w = 0 or w --co (see above) except within the six-dimensional capture region 0 . r SRR 0O * 0 et,--rfpt *. i. Sf4,*J where there is a potential well of depth -to. The proper but difficult way to handle this problem is to consider the simultaneous translational and rotational diffusion of a sphere (7-9) in six dimensions with absorption on a portion of the five-dimensional surface of a hyperellipsoid and reflection from z = 0 otherwise. Instead, for present order-of-magnitude purposes, we use the transition-state approximation. In this approximation, translation and rotation are not treated equivalently as they should be. We start with the translational Eqs. 9 ly, the p.f. q, in q, is the three-dimensional "rocking" (vibrational) p.f. into which q, degenerates when the ligand is bound to the protein site. just as we are using, in effect, a "square-well" approximation to the potential (rather than, say, a five-dimensional parabolic well) in writing qut A-2S, we can also employ qw -ffe.q, where fof4, has the same significance for a bound ligand that fotf*t has for an activated complex. We would of course expect fo < fot and f4, <fi4,t.
On using the above relations in Eqs. 5, 9, and 10, we obtain the modifications K = a'/fl = qyq e-Wo/*kTA3faf [22] a' = 27rDRfo*f;* [23] = 27rDReWo/kT(fo*f;*/ff4)/q qyqA3.
[24]
Thus K and a-' may be reduced considerably by the new rotational factors while ,B would be increased. The main qualitative kinetic effect is clearly due to the more stringent geometrical requirements (at the transition state)-rotational as well as translational-that must be satisfied in order for binding to occur.
In Eqs. 17 and 18 for the free energy changes, A3 should be replaced by A3fof since Ag0 -kTlnK (compare Eqs. 5 and 22).
Order of Magnitude Estimates. Choice of a particular model would allow us to pursue Eqs. 22 to 24 further. Instead of this, we give an argument here that should suffice to estimate orders of magnitude of fot and fod in a number of cases. For this purpose we assume that the translational capture distance R is also operable in determining angular allowances for capture. Thus, starting with the optimal rotational orientation 0 = 0, i/' = 0, we first rotate the axis Z' through an angle 0 = 0t chosen so that the site on the ligand surface moves a straight-line distance R from its original position. Next, we rotate about Z' an angle 7rfpf such that the original position of the site moves a straight-line distance R (the site itself remains fixed on the Z' axis). Therefore sin(Of/ 2) = R/2a and rfot = 2Xr/6. From Eq. 19, then, -R2/4a2 < 1, f$ = 1/3, fif;* -R2/1a2. [2] (Alternative but similar arguments lead, instead, to ft* = 1/Xr.) As might be expected, the larger the ligand sphere, the larger the rotational effect on the rate constant a' (Eq. 23):
foff4 -l1/a2 with R -constant.
As a numerical example, if we take R/a = ',% and fotf#*/ fofd, = 50, the new factor in K (Eq. 22) is 4.2 X 1i0, in a' (Eq. 23) it is 2.1 X 10-2, and in /3 (Eq. 24) it is 50. In the numerical example following Eq. 10, a' is reduced to 1.6 X 107 sec1 M-1, a common order of magnitude (10) .
Binding of an ellipsoidal ligand on a protein We consider two special cases only: (a) the ligand is a prolate ellipsoid of revolution with its site at one end (Fig. la) ; and (b) the ligand is an oblate ellipsoid of revolution with its site centrally located (Fig. lb) . That is, in both cases (using the same labeling of axes as above), the site on the ligand surface and also on the Z' axis, which is the symmetry axis. The center of the ellipsoid is at x, y, z relative to the origin shown in Fig. 1 (a) Prolate ellipsoid. We assume, as in the case of spheres, that translational capture occurs on the surface r = R. But here the center of the ellipsoid may be in the negative region a -c -z -0. We take this into account, approximately, by using for the capture area that part of the surface r = R in a -c < z -R. That is, S = 27rR(R + c -a). If c -a > R, S = 47rR2. This is an approximation because, even without absorption on r = R, the concentration of ligand centers in a -c < z -0 is less than CL owing to restricted rotation [see subsection (b), below].
Other necessary changes in the treatment of spherical ligands above, are: the translational diffusion coefficient D is now an average (7-9); in Eq. 21, A3/2 becomes AC'/2 in Eqs. 23 and 24, R is replaced by R + c -a (or by 2R if ca > R); and in Eqs. 25, a is replaced by c. Eq. 22 for K is unchanged, as is the frequency factor D/RA in Eqs. 9 and 10 (a', /3, and qt are all proportional to the modified S).
In summary: as in the spherical case, the primary rotational obstacle to binding here is proper orientation of the long axis Z' (i.e., fo*); fit is less important.
(b) Oblate ellipsoid. In this case, Z' is the short axis (Fig.  lb) . In Eq. 21, A3/2 again becomes AC"/2. The nearest the center of the ligand can be to the protein surface (z = -c) is the plane z = 0. When 0 < z < a -c, there is restricted rotation owing to collision of the ligand with the protein surface. This is encountered before binding can occur if R < a -c. The translational capture area is again, as in the spherical case, the hemisphere S = 27rR2.
Eqs. 22 to 24 apply without formal change. As for estimates of fo* and f#*: we take, as above, fpt = ' and also fot = R2/4c2 < 1 provided that R > a -c (rotation when z = R is in this case unrestricted by the protein surface); however, if R < a -c, the situation as regards foa is complicated somewhat, as follows. With the ligand center at x = 0, y = 0, z = R, we let 0 increase from 0 = 0 towards the allowed angle for capture 2sin-'(R/2c) (see the text above Eq. 25). But this is an upper limit for 0* because the ligand may hit the protein surface z = -c first. Let a be the value of 0 at which an ellipsoid ( [26]
Here we put z = B. Thus, when R < a -c, fo* is estimated as the smaller offo* = R2/4c2 < 1 and (see Eq. 19)
[27]
It follows that Eq. 27 is the applicable expression if (a/c)y > (4 + 2s -s2)/s(2 -s), [28] where s = Ric < 2. For example, if R = c, this condition is a/c > 51/2. Incidentally, whenever Eq. 28 is satisfied, R < a -c(i.e.,a/c>s + 1)isalso.
As an appendix to this subsection, we comment further on the restricted rotation encountered by an oblate ellipsoid (ligand) when it is near the protein surface (at equilibrium; without binding), i.e., in 0 < z < a -c. The potential of mean force w(x,y,z,0,41, it) is zero except when the ellipsoid touches the surface, in which case w = a. In 0 < z <a -c, the rotational p.f. q,(z) ( (1975) the value q, = q,(oo) because 0 has a limited range: 0 < 0 < a and ir-aa < 0 < ir, where cos a is given by Eq. 26. Thus qr(z) = [1 -cos a(z)]q (0 < z < a -c). [29] There will be a proportional reduction in ligand concentration near the surface since, at equilibrium, CL(z) -qL(z) qr(z).
Instead of using q7(z) in qL, an alternative but equivalent procedure is to introduce a new potential of mean force, as follows. If ew/kT (with w = 0 or A*) is integrated over sin~d~dkdo4 (see Eq. 7), a spatial (3) e-w(x.yz)/kT is oh. That is, the surface presents an effective external (repulsive) field w(z) to ligand molecules because of enforced hindered rotation. Unless R > a -c, this barrier must be surmounted before binding can occur (as in Fig. lb) . In addition, a factor of i must be included in qt (as in Eq. 27) because the correct side of the ligand must be facing the protein surface.
just as Eq. 12 is a refinement on transition-state theory, the external field in Eq. 31 could be made (together with Eq. 11) the basis of a refinement in Eqs. 23, 27, etc. But this would not be simple. Note also that, even in this "refinement," rotation would still be treated as at equilibrium.
Although a barrier to binding is not involved (see Fig. la ), we remark that in the prolate case, in the region a -c < z < 0, the effective potential is found to be w(z)/kT = -ln [qr (z) 
